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Abstract. We study the notion of regular singularities for parameterized 
complex ordinary linear differential systems, prove an analogue of the Schlesinger 
theorem for systems with regular singularities and solve both a parameterized 
version of the weak Riemann-Hilbcrt Problem and a special case of the inverse 
problem in parameterized Picard-Vessiot theory. 



1. Introduction 



Let 



dY 

(1.1) — = A(x)Y 

ax 

be a linear differential equation where A(x) £ gl„(C(x)) is an n x n matrix with 
coefficients that are rational functions over the complex numbers. One can asso- 
ciate two groups to such an equation, the monodromy group and the differential 
Galois group. To define the monodromy group one starts by removing the set 
S = {ai, . . . , a s } of singular points (possibly including infinity) of (1.1) from the 
Riemann sphere P 1 (C) and fixing a point ao £ P 1 (C)\5. Using standard existence 
theorems, there exists a fundamental solution matrix, that is, an n x n matrix 
Z = (zij) of functions analytic in a neighborhood of ao with detZ(a ) ^ 0. An- 
alytic continuation of Z along any closed path 7 in P 1 (C)\S I centered at a yields 
a new fundamental solution matrix Z 7 which is related to Z via an equation of 
the form Z 7 = ZM 7 for some M 7 S GL„(C). One can show that M 1 depends 
only on the homotopy class of 7 in P 1 (C)\5 I and that the map 7 h-> M 7 defines 
a homomorphism p : 7ri(P 1 (C)\S'; ao) — > GL„(C), that is, a representation of the 
fundamental group. Selecting a different fundamental solution matrix results in 
a conjugation of the image of p. The image of p is called the monodromy group of 
(1.1) and is determined up to conjugacy. 

To define the differential Galois group of (1.1), one forms the field K = 
C(x, Zxi, . . . , z nn ) constructed from C(x) by adjoining the entries of Z. Note that 
(1.1) implies that this field is closed under the action of the derivation -jj. The 
differential Galois group , also called the Picard- Vessiot group G is the group of all 
field-theoretic automorphisms of K which leave any element of C(x) fixed and com- 
mute with ^ (see [19] or [27] for an exposition of the associated theory). One can 
show that for any a £ G, a[Z) = (a(z hj )) = ZM a for some M a £ GL„(C). From 
the preservation of algebraic relations under analytic continuation, one can show 
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that the monodromy group p(7Ti(F 1 (C)\S;ao)) is contained in the Picard-Vessiot 
group G. The Picard-Vessiot group is closed in the Zariski topology, that is, there 
exists a system of polynomial equations in n 2 variables such that G is precisely 
the set of invertible matrices whose entries satisfy these equations. Furthermore, 
various properties of solutions of (1.1) arc reflected in properties of G. For example 
the dimension of G (as an algebraic or complex Lie group) is related to the alge- 
braic dependence among the Zij, and the solvability of the connected component 
containing the identity of G is equivalent to (1.1) being solvable in terms of expo- 
nentials, integrals and algebraic functions. 

When one restricts the type of singular points of (1.1), one can say more concerning 
the relationship of the monodromy group and the Picard-Vessiot group. We say a 
singular point a £ S is regular singular if there is an n x n matrix P(x) of functions 
meromorphic at a with det P{a) ^ such that the matrix U = PZ satisfies an 
equation of the form 

,1.2, « = -i-tf 

ax x — a 

where A is a constant matrix, i.e., A £ gl n (C) (there is an equivalent definition of 
regular singular in terms of the growth of the entries of Z near a. See Chapters 
3.1 and 5.1 of [27] for a fuller discussion). A result of Schlcsinger ([30], §159, 160; 
[27], Theorem 5.8) states that if all the singular points of (1.1) are regular singular, 
then the Picard-Vessiot group is the smallest Zariski-closed subgroup of GL„(C) 
containing the monodromy group. 

One may also consider inverse questions, that is, which groups appear as mon- 
odromy or Picard-Vessiot groups. For example, one may ask: given a homomor- 
phism p : m (P 1 (C)\S < ; a ) —> GL„(C), does there exist an equation (1.1) whose 
monodromy group is the image of p? This is a version of the so-called Riemann- 
Hilbert Problem and has a positive solution (see Chapters 5 and 6 of [27] for a 
fuller discussion of the various versions of this problem as well as other references). 
Using a solution of this problem, C. and M. Tretkoff showed that any Zariski closed 
subgroup of GL„(C) is the Picard-Vessiot group of some equation (1.1) over C(x). 

In this paper we consider similar results for parameterized systems of linear differ- 
ential equations. Parameterized families of linear differential systems with regular 
singular points arise in the study of isomonodromic as well as monodromy evolv- 
ing deformations and their relation to the equations of mathematical physics ([3], 
[9, 10], [17], [18], [28], [24, 25], [22]) . We address some analogous fundamental 
questions concerning the monodromy groups of such families. More precisely, we 
consider parameterized linear differential systems of the form 

dY 

(1.3) °— = A(x,t)Y 

where the entries of the matrix A(x, t) are rational functions of x with coefficients 
that are analytic in the multiparameter t on some domain of C r . We begin, in Sec- 
tion 2, by studying equivalent definitions of regular singular points of such systems 
and proving bounds on the growth of solutions in the neigborhood of these singulari- 
ties. In Section 3, we show that the parameterized monodromy matrices of a system 
(1.3) belong to its associated parameterized Picard-Vessiot group. In Section 4, we 
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prove an analogue of the Schlesinger theorem for systems with regular singularities. 
Our result states that for such systems the parameterized monodromy matrices 
generate a Kolchin-dense subgroup of the parameterized Picard-Vcssiot group. In 
Section 5, we solve a parameterized version of the Riemann-Hilbert Problem and a 
special case of the inverse problem in parameterized Picard-Vcssiot theory. 

2. Parameterized regular singularities 

Let U be an open connected subset of C r with OeW, and let Ou be the ring of 
analytic functions on U of a variable t. Let a G Ou and assume a(0) = 0. We will 
denote 

(1) by Ojj{{x — oi(t))) the ring of formal Laurent series in powers of x — a(t) 
with coefficients in Ou, that is, elements 

f(x,t)=^2a i (t)(x-a(t)) i 

where m £ Z is independent of t, 

(2) by O u ({x - a(t)}) the ring of those f(x,t) G O u ((x - a(t))) that, for each 
fixed t G U, converge for < \x — ct(t)\ < Rt, for some Rt > 0. 

Lemma 2.1. Let f(x, t) G Ou({x — a(t)}) and let Af C U be a compact neighbor- 
hood of 0. Then there is R > such that the series f(x, t) converges for all t G Af 
and < \x - a(t)\ < R. 

Proof. For each t G U we may assume that Rt is maximal, possibly infinite. For 
finite Rt, let T(a(t), Rt) and D(a(t), R t ) denote the circle and open disk respec- 
tively, with center a(t) and radius R t . If Rt = oo for some to G U then clearly 
R t — oo for all t G U. Assuming this is not the case, Rt is a continuous function 
of t. To prove this, fix to £ U, and a neighborhood u{to) of to in IA such that 
a{t) G D(a(to),Rt ) for all t G u(t ). If t G u(t ), the circles T(a(to), Rt ) and 
T(a(t), Rt) either are equal, or intersect at two points, or are inner tangent. A 
simple geometric argument shows that 

\R(t)-R(t )\ < \a(t)-a(t )\ 

for all t G u(to), and the continuity of R follows from the continuity of a. Since 
TV is compact, and Rt > for all t G Af, the function R t (possibly infinite) has a 
lower bound R > on Af. □ 

Consider a parameterized linear differential equation 

dY 

i"' s - AY 

where A G gl n (0^({a; — a(t)})). Note that A may be writen as 

r) = \- -, r + ...= > (x — ait)) AM) 

v ' ' (x-a(t)) m (x-ait))™- 1 f-^ v 

where Aj(t) G gl n (Ow) f° r all i > —m, and m G N does not depend on 

Definition 2.2. Two equations 

dY dY 

— — = AY and — = BY, 

ox ox 
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with A,B G gl n (Ou({x — a(t)})), are equivalent if there exists P £ GL n (Ou({x — 
(t)})) such that 

BP 

B = —P-i + PAP- 1 , 
ox 

that is, if Y satisfies the first equation, then PY satisfies the second. 

Definition 2.3. With notation as before, 

(1) Equation (2.1) has simple singular points near if m = 1 and A_i ^ as 
an element of g\ n {Ou{{x — a(t)})), 

(2) Equation (2.1) has parameterized regular singular points near if it is equiv- 
alent to an equation with simple singular points near 0. 

Note that in the non-paramcterized case, simple singular points are sometimes 
referred to as "Fuchsian singular points" and regular singular points arc sometimes 
referred to as "regular points" . 



Example 2.4. Let 

A = 

B = 



-3 \ 1 ft 



J ( x - 1) 2 V *- 2 J x-t 
t-1 \ 1 



t-1 x-t 



A calculation shows that B = fff -1 + PAP^ 1 where 

l -l 

p I x — t (x — t)' 2 

X-t 

Therefore, the equations = AY and = BY are equivalent. Since = BY 

1 ^ ox ox ^ ox 

has simple singular points near 0, the equation ^ = AY has parameterized regular 
singular points near 0. 



In the previous example, we transformed an equation with regular singular points 
near into an equation that not only has simple singular points but is of the form 
= A ^}<.\ Y . We shall now show that this can be done in general. Let 

ox x—a[t) ° 

5 = (x — a(t))J^. If Equation (2.1) has simple singular points near we may also 
write it as 

(2.2) SY = (5>-a(i))VL,(i))y 

i>0 

with (renamed) Aj £ gl n (0^({a; — a(t)})) and Ao ^ 0. We will show that such 
an equation is equivalent to an equation of a simpler form. The proof is a slight 
modification of the similar one for non-parameterized equations in [27]. 

Proposition 2.5. Assume that in Equation (2.2) no eigenvalues of Aq(0) differ by 
positive integers. Then there is an open connected subset W of U and matrices 
Pi £ g\ n (O u >) such that 

1) the substitution Z — PY, with 

P(x,t) =I + J2(x-a(t)YPi(t), 

i>i 
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transforms Equation (2.2) into 

SZ = A (t)Z, 

2) the series P(x,t) converges for (x,t) £ D(a(t) 7 R) x U', for some R > 
that does not depend on t. 

Proof. We begin by noting that since no eigenvalues of ^4o(0) differ by positive 
integers, there is a neighborhood W C U of such that for t £ W , no eigenvalues of 
Ao(t) differ by positive integers. We will now follow the proof of Proposition 3.12 
of ([27]), p. 64). We wish to construct a matrix P, 

p{ Xl t) = i +J2(x - a(t)y m) 

such that 

A (t)P(x, t) = P(x, t)A(x, t) + SP{x, t). 
Comparing powers of x — a(t) we see that 

(2.3) A Pi - Pi (A + il) = Ai + Ai-iPi + ... + AiPi-i 

for all z > 1 (with Pq = I). As noted above, for fixed t £ W no eigenvalues of Aq (t) 
differ by positive integers. Therefore, for t £lA' ', the map 

X i y Ao(t)X - X (A n (t) + il) 

is an isomorphism on gl n (C) and the matrix M(t) representing this C-linear map 
has a nonzero determinant. This implies that the entries of M(i) -1 are analytic on 
W and that we can solve Equation (2.3) to find matrices P%{t) whose entries are 
analytic on U' . 

Wc now turn to the statement concerning convergence. The formal power series 
P(x,t) (in powers of x — a(t)) satisfies the differential equation 

5P{x,t) = A (t)P(x,t) - P{x,t)A{x,t). 

For each fixed value of t this is a differential equation with a simple (Fuchsian) 
singularity. Lemma 3.9.2 of [33] or the proof of Lemma 3.42 of [27] implies that 
P(x,t) has a radius of convergence at least as large as that for A(x,t). We may 
assume that W is compact with W'cW and hence, by Lemma 2.1 above, that there 
is an R > such that A(x, t) converges for all t and < \x — a(t)\ < R, which 
ends the proof of 2). □ 

Let us deduce from Proposition 2.5 a slightly weaker result without the hypoth- 
esis on j4o(0). 

Corollary 2.6. Consider the general equation (2.2). Then there exists 

• a constant matrix C £ GL„(C), 

• an n x n matrix 

/ (x - a{t)) ri h ... \ 

(x-a(t)) r2 I 2 ... 

s == 

V ... (x-a(t)) r °I s ) 

where for some s the rj, i = 1, . . . , s, are nonnegative integers and the Ii 
are identity matrices of various sizes, 

• an open connected subset W of U and matrices Pi £ g\ n (Ou 1 ) , 
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such that 

1) the substitution Z = PSCY, with 

P(x,t)=I + Y,{x-a{t)YP l {t), 



i>i 



transforms (2.2) into 
(2.4) 5Z 



A(t)Z 



where A G gl n (O u >), 
2) the series P(x, t) converges for (x, t) G D(a(t), R) x W for some R > that 
does not depend on t. 

Proof. We will perform a shearing transformation to replace Equation (2.2) by 
an equation satisfying the condition of Proposition 2.5 on Ao(0), as follows. Let 
Ci,...,c s be the distinct eigenvalues of Ao(0) and assume that C2 — c\ = m, a 
positive integer. Replacing, if needed, Y by CY for some C G GL„(C), we may 
assume that 

/ A ,i ... \ 
A ,2 • ■ 



MO) 



o 



V ... A , s / 

where Ao,i, for i = 1, . . . , s, is a matrix in Jordan normal form with eigenvalue Ci 
Let 

/ (x-a(t)) m h ... \ 
I 2 ... 

\ ... J s } 

where each Ii is an identity matrix of the same size as Aq^. The substitution 
Z = TY transforms Equation (2.2) into an equation 



SZ 



i>0 



(x-a(t)yAi)Z 



where the eigenvalues of Aq(0) arc c\ + m, C2, . . ■ , c s , that is, Aq(0) has fewer eigen- 
values differing by positive integers. By induction, one constructs a matrix S such 
that the transform of Equation (2.2) via Z = SCY satisfies the condition of Propo- 
sition 2.5, whose conclusion ends the proof. □ 

The following corollary shows that our definition of a parameterized regular 
singularity yields, as in the non-parameterized case, solutions that have moderate 
growth in the neighborhood of this moving singularity. 

Corollary 2.7. Assume that Equation (2.1) has regular singular points near 0. 
Then there is an open connected subset W of U such that 
1) Equation (2.1) has a solution Y of the form 



(2.5) 



i>in 



with A e gl„(CV) and Qi G gl n (O u >) for all i > i , 
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2) for any r-tuple (mi, . . . , m r ) of nonnegative integers there is an integer TV 
such that for any fixed t Gl4' and any sector St from a(t) in the complex 
plane, of opening less than 2n, 

lim (x-q(t))^ 1+ - +m ^ f ) = 0. 

Proof. Under our asumptions, Equation (2.1) is equivalent to an equation with 
simple singularities near 0. We shall prove the conclusion for this new equation and 
one easily sees that it holds for the original equation as well. 

Assume Equation (2.1) has simple singular points near 0. Corollary 2.6 implies 
that there are C, S and P as described above such that Y is a solution of Equation 
(2.2) whenever Z = PSCY is a solution of Equation (2.4). This shows that 

Y = (PSC)- 1 (x-a(t)) m 

is a solution of the desired form (2.5). Differentiating (2.5) yields a form that 
satisfies the conclusion of 2). □ 

Solutions of parameterized differential equations with irregular singularities have 
been studied in [1] and [29]. Assuming is a (non-moving) irregular singularity, 
these authors gave a condition on the exponential part of a formal solution in the 
usual form 

Y(z) = H(z)z J e Q 

to ensure that the coefficients of the formal series H(z) depend analytically on the 
multiparameter. 

3. Parameterized monodromy 

3.1. Classical Picard-Vessiot theory and monodromy. Consider a differential 
equation 

dY 

= A{x)Y 

ax 

where A S gl„(Q(a;)). To apply differential Galois theory to this equation we need 
to work over an algebraically closed field containing Q, for example Q, the algebraic 
closure of Q. But when we talk about monodromy matrices and want to say that 
the monodromy matrices lie in the Picard-Vessiot group, we need to account for 
the possibility that these matrices have transcendental entries. To deal with this, 
we usually consider the Picard-Vessiot theory over C(x), but we might use any 
algebraically closed field containing the entries of the monodromy matrices. 

This raises the question: does the group change when we go to a bigger field 
of constants? The answer is given by the following proposition. We note that 
Propositions 3.1 and 3.3 below can be stated in far greater generality than stated 
here (see [13], Theorem 9.10 for an approach via Tannakian categories and also [11], 
pp. 80-81 for similar results concerning difference equations) yet we present a proof 
here using simple tools that allows us to prove this result in our restricted setting. 

If not otherwise specified, the derivation will be denoted by ( )'. We will write PV- 
group and PV-extension, for short, for the Picard-Vessiot group and Picard-Vessiot 
extension respectively. 
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Proposition 3.1. Let Co C C\ be algebraically closed fields and fco = Co (a;), ki = 
Ci(x) be differential fields where d = for all c G C\ and x' = 1. Let 

(3.1) y = 

be a differential equation with A G gl n (fco). If G{Cq) C GL n (Co) is the PV-group 
over fco of Equation (3.1) with respect to some fundamental solution, where G is 
a linear algebraic group defined over Co, then G(Ci) is the PV-group of (3.1) over 
ki, with respect to some fundamental solution. 

Proof. Equation (3.1) has a regular point in Co and we shall assume this is x = 
0. We can think of Ci{x) as a subficld of the field (of formal Laurent series) 
Ci((x)) for i = 0, 1. Since is a regular point, Equation (3.1) has a solution Zq G 
GL„(Co[[x]]) C GL n (Co((x))) (note that this solution is found by substituting Zq = 
Zqx) + Zq^x + Zq^x 2 + ■ • • into (3.1) and equating powers of x. Assuming Zq$ — I n 
ensures that Zq G GL„(Co[[a;]]). Since the differential field Kq = k n (Z ) C k ((x)) 
has no new constants, it is a PV-extension of ko for Equation (3.1). Similarly, 
K\ = ki(Z ) is a PV-extension of k\ for Equation (3.1). 

Let R a = fco[-^o] an d R\ = ki[Z Q ]. We may write Rq = k [Y]/I and R\ = 
ki[Y]/Ii where Y is a set of n 2 indeterminates and Iq an d Ii are ideals in their 
respective rings. Let us prove that I\ = k± ■ Xq. Clearly, k± ■ Iq C Ii. To show 
the other inclusion, let P g Ij. By clearing denominators, we may assume that 
P G Ci[x][V]. Let us write P = J^diPi where {di} is a Co-basis of Cl and 
Pi G Co[x][y]. Note that the <2, are linearly independent over Co[[x]] as well. 
Substituting Zq for Y in P, we have that P(Zq) = ^ diPi(Z^) = 0. Therefore 
Pi G Iq for each i and so P G fci • Iq. 

For i = 0,1, the PV-group of Ki over fej consists of the matrices B in GL n (C) 
such that Z\B is again a zero of 2^. Let Iq = (/i, . . . , f m ) be generated in fco[Y"] 
by polynomials fj G fco[^]- The PV-group of Kq over fco then consists of all 
B G GL„(Co) such that fj(Z B) = for j = 1, ... , m. We may consider fj(Z B) 
as an clement of Co((x)) and write fj(Z B) = 2c>c where fe,j(B) is a 

polynomial in the entries of i? with coefficients in Cq. The PV-group of Kq over 
fco is therefore defined as 

Go = {B G GL„(C ) | f u {B) = 0, for j = 1, ... , m and t > i , }. 

Since I\ — k\ ■ Iq, wc have I\ = (fi, ■ ■ ■ , f m ) m an d the PV-group of K\ 

over k\ is also defined as G\ = {B G GL„(Ci) | fj(Z B) = for j = 1, . . . , m} and 
therefore as 

G\ = {B G GLn(<7i)|//j(S) = 0, for j = 1, . . . , 771 and £ > £ .}. 

This means that if G is a linear algebraic group defined over Co by {fe,j(B) = 0} 
then the PV-group of Ki over ki is G(Cj) for £ = 0, 1. To end the proof, note that 
the linear algebraic group G defined over Co is uniquely determined by the group 
G(Co) of its Co-points. □ 

Corollary 3.2. Assume in Equation (3.1) that A G gl„(Co(x)) where Co is some 
algebraically closed subficld of C. Assuming is a regular point, let us fix it as the 
base-point of 7ri(P 1 (C)\5), where S is the set of singular points of (3.1) on P 1 (C). 
Let G(Co) be the PV-group of (3.1) over Co (a;), where G is a linear algebraic group 
defined over Co- If C\ is any algebraically closed subfield of C containing Co and 



MONODROMY GROUPS OF PARAMETERIZED DIFFERENTIAL EQUATIONS 



9 



the entries of the monodromy matrices, then the monodromy matrices are elements 
of the PV-group G(C*i) of (3.1) over d{x). 

Proof. With notation from the proof of Proposition 3.1, note that the matrix Z 
has entries that are convergent in some neighborhood of since at a regular point 
formal solutions are convergent. Let M be a monodromy matrix with respect to Zq 
corresponding to an element [7] of 7ri(P 1 (C)\ t S) and let P 6 Xi, that is, P(Zq) = 0. 
We again may assume that P £ Ci[x][Y}. To show that M £ G(Ci) it is enough to 
show that P(ZqM) = 0. Note that we can analytically continue P{Zq) around 7 
and the result will be P(Z Q M). Since P(Z ) = 0, we have P(Z M) = as well. □ 

3.2. Parameterized Picard-Vessiot theory and monodromy. In the parame- 
terized Picard-Vessiot theory (PPV-theory for short) one has a similar issue: the 
equation may have coefficients that lie in one differentially closed field while the 
parameterized monodromy matrices have entries that lie in a larger differentially 
closed field. For general definitions and facts about PPV-theory we refer to [8] and 
[20]. 

We will first prove a result similar to Proposition 3.1 for parameterized Picard- 
Vessiot extensions (PPV-extensions for short). For simplicity of notation, we shall 
consider equations of the form 

dY 

(3.2) °— = A(x,t)Y 

where A(x,t) £ gl n (C^(a;)), with t = (t%, . . . ,t r ) in some domain U £ C r . We shall 
denote differentiation with respect to x,ti, . . . ,t r by d x , dt^, ■ ■ ■ , dt r respectively, 
and let A = {d x , d^, ■ ■ ■ , dt r } and A t = {9 tl , . . . , dt r }. Let C be a differentially 
closed At-cxtcnsion of some field of functions that are analytic on some domain of C r 
and let denote for each i the derivation extending <9 fi . We define the differential 
A-field k = C(x), where x is an indeterminate over C, by letting d x {x) = 1, dt { (x) = 
for each i and d x (c) = for all c G C. We willl always assume that C is chosen 
such that A £ gl n {k). For the definition of a differentially closed field, see ([8], 
Definition 3.2). 

PPV-extensions of k for Equation (3.2) are of the form K = k(Z) where K has 
no new ^-constants and Z is a fundamental solution for (3.2). The brackets (...) 
denote the fact that K is generated, as a A t -field, by the entries of Z, that is, 
K = k(Z, d^Z, . . . , dt r Z, . . . , d^ 1 . . . d" r r Z, . . .). Note that this is automatically a 
a x -field as well, with d x Z = AZ, d x {dt z Z) = (d u A)Z + Ad u Z for each i, etc. 

Proposition 3.3. Let Co C C\ be differentially closed A t -fields and let k$ = Co(x), 
ki = C\{x) be A-fields as above. Let 

(3.3) d x Y = AY 

be a differential equation with A G gl ra (fco). If G(Cq) C GL ra (Co) is the PPV-group 
over ko of Equation (3.3) with respect to some fundamental solution, where G is 
a linear differential algebraic group defined over the differential A t -field Co, then 
G(Ci) is the PPV-group over k\ of (3.3) with respect to some fundamental solution. 

Proof. The proof is basically the same as in the non-parameterized case. Equation 
(3.3) has a regular point in Co and we shall assume this is x = 0. We can think of 
Ci(x) as a subfield of the field (of formal Laurent series) Ci{{x)) for i = 0, 1. Since 
is a regular point, Equation (3.3) has a solution Z £ gl„(Co((x))). Assuming 



10 



CLAUDE MITSCHI AND MICHAEL F. SINGER 



(using the previous notation Zo = ^2 Zo.iX -1 ) that Zq,o = I n ensures that Zq 6 
GL n (Go((ic))). Since Kq = ko(Zo) C ko((x)) has no new c^- const ants, it is a PPV- 
cxtcnsion of fco for Equation (3.3). Similarly K\ = k\{Zo) is a PPV-extension of fci 
for (3.3). 

Let Rq = ko{Zo} and R\ = k\{Zo\ (where {. . .} denotes the differential ring 
generated by . . .). We may write Ro = ko{Y}/Xo and R\ — ki{Y}/Ii where Y 
is a set of n 2 differential indctcrminates and Tq and I\ arc differential ideals in 
their respective rings. Exactly as in the non-parameterized case, one shows that 
li = ki -Iq. 

For i = 0, 1, the PPV-group of Ki over ki is the set of matrices B in GL n (Cj) 
such that ZqB is again a zero of li. Let Iq = {fj}jej for some indexing set J. 
We then have that the PPV-group of Kq over fco is the set of B S GL n (Go) such 
that fj(ZoB) = for j <G J. We may consider fj(ZoB) as an element of Cq((x)) 
and write fj(Z B) = ~^2 e>e fgj(B)x e where fej(B) is a differential polynomial in 
the entries of B with coefficients in Cq. Therefore the PPV-group of Kq over fco is 
defined as 

G = {B e GL n (Co)\fej(B) = 0, for j e J and £ > to, }. 

Since li = k\ ■ To, the differential ideal X\ is generated by {fj}jeJ m ^i{^}; an d 
hence the PPV-group of K\ over fci is defined as 

G 1 = {B e GL n (Cx)\ft i j(B) = 0, for j £ J and £ > 4, }. 

This means that if G is the linear differential algebraic group defined over Co by 
{fej(B) = 0}, then the PPV-group of Ki over ki is G(Cj) for i = 0, 1, and since G 
is defined over Go by the group of its Go-points, this ends the proof. □ 

We shall now show that the parameterized monodromy matrices (defined below) 
of Equation (3.2) are elements of the PPV-group. 

Let V be an open subset of P 1 (C) with <E V. Assume that P 1 (C)\2? is the union 
of m disjoint disks Di and that for each t €14, Equation (3.2) has a unique singular 
point in each Di. Let 7$, i = 1, . . . , m be the obvious loops generating 7Ti(X>, 0). 
Let us fix a fundamental solution Zq of (3.2) in the neighborhood of and define, 
for each fixed t £ hi, the monodromy matrices of (3.2) with respect to this solution 
and the 7^. We will call these matrices, which depend on t, the parameterized 
monodromy matrices of Equation (3.2). 

In the classical, non-parameterized situation, we gave an argument using analytic 
continuation of P(Zo) where P had coefficients in Go (a;). This argument made 
sense because the coefficients of P were a fortiori analytic functions. In the present 
situation the coefficients, a priori, do not have such a meaning. The following result 
of Scidcnbcrg [31, 32] allows us to give them such a meaning. 

Theorem 3.4 (Scidcnbcrg). Let Q C K C JC\ be finitely generated differential 
extensions of the field of rational numbers Q, and assume that /C consists of mcro- 
morphic functions on some domain Q £ C r . Then K.\ is isomorphic to a field 1C\ of 
functions that are meromorphic on a domain f2x C O, such that K.\n 1 C K,\. 

Note that finitely generated here means finitely generated in the differential sense. 
We are now able to prove the same result as in the PV-case. 



MONODROMY GROUPS OF PARAMETERIZED DIFFERENTIAL EQUATIONS 



11 



Theorem 3.5. Assume in Equation (3.2) that A G gl Tl (Co(a:)), where Co is any 
differentially closed At-field containing C and let C\ be any differentially closed 
A t -field containing Co and the entries of the parameterized monodromy matrices 
of Equation (3.2) with respect to a fundamental solution of (3.2). Then the param- 
eterized monodromy matrices belong to G(Ci), where G is the PPV-group of (3.2) 
over the A-field Co(x). 

Proof. As in the proof of Proposition 3.3, let us construct a formal fundamental 
solution Zq G GL„(Co((x))) of Equation (3.3). The coefficients of the power series 
Zq are matrices whose entries are polynomials, with integer coefficients, in the x- 
coefficicnts of the entries of A(x,t), assuming as we are that Zq has the initial 
condition Zo(t,0) = I n . The coefficients of Zq are therefore analytic on some 
domain U C C r . The usual estimates show that Zq is analytic in V x U where V is 
a neighborhood of in the x-plane. Let K, be the differential A f -ficld generated over 
Q by the x-coefficients of the entries of A(x, t) (that is, the coefficients of powers of 
x of these rational functions). Note that K. consists of functions meromorphic on 
IA. Let M be a parameterized monodromy matrix corresponding to some [7]. For 
any differential polynomial P G Cq(x){Y} let us show that P(ZqM) = whenever 
P(Z ) = 0. As in the PV-casc, this will prove that M G G(C ). Let K, x be a finitely 
generated At-field extension of K, such that M G GL„(/Ci) and P G K.±(x){Y}.. The 
Scidenberg theorem applied to K, and K,\ allows us to identify 1C\ with a differential 
field of meromorphic functions on some IA\ C IA and in particular to consider P(Zq) 
and P(ZqM) as functions analytic on V x IA2 for some U2 C\IA\. Let us continue 
P(Zq) along 7, considered for each fixed t G IA2 as a path in T> x {t} C T> x U2- 
Since the coefficients of P remain unchanged, P(ZqM) = holds after continuation 
along 7. □ 

4. A PARAMETERIZED ANALOGUE OF THE SCHLESINGER THEOREM 

We consider as before a parameterized equation 
(4.1) g = A(x,t)Y 

where A{x, t) is a rational function of x with coefficients that are functions of a 
multi- variable t = (ti, . . . ,t r ), analytic in some domain U G C r containing 0. We 
shall denote differentiation with respect to x and t\, . . . ,t r by d x and dt 1 , . . . , dt r 
respectively and let as before A = {d x , dt ± , ■ ■ ■ ,dt r }, A t — {dt ± , . . . ,dt r }. 
The following lemma is inspired by a result of R. Palais ( [26] ) . 

Lemma 4.1. Let J 7 be a A-field of functions that are meromorphic on V X U 
where V C C and U C C r are open connected sets, and let C x = {u G J- \ d x u = 0}. 
Furthermore assume x G J 7 . Let / G J- be such that f(x, t) G C(x) for each t <EU. 
Then for some m G N, there exist ag, . . . , a m , bo, ■ ■ ■ ,b m G C x such that 

f(x,t)-^° a * X 



YZ 1>-'- 

Proof. For each r G N, let 

X r = {t G U I f{x,t) is a ratio of polynomials of degrees at most r}. 

By asumption IA = U r gNA r . The Baire Category Theorem implies that for some m, 
the closure of X m has a nonempty interior. For t G X m , there exist ao,t, . . . , a TOj t, 
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60, t, • ■ • , b m ,t £ C such that 



/(*,*) 




This implies that, for t £ X, 



x m f(x,t),x 



,m— 1 



f(x,t),...,f(x,t), X 



1 



are linearly dependent over C. In particular the Wronskian determinant (with 
respect to d x ) W(x, t) = wr(x m f(x, i), x m_1 f(x, t), . . . , f(x, t), x m , . . . , 1) vanishes 
for any t £ X m . Since the closure of X m has a nonempty interior, W(x,t) = on 
a nonempty open set and so is identically zero. Since 



the vanishing of the Wronskian determinant implies that these elements are also 
linearly dependent over the ^-constants of J-, that is, C x . Therefore there exist 
a , • ■ • , a m , b , ...,b m £ C x , not all zero, such that (YhLq hx l )f(x, t) = J2"Lo a i x% - 



This lemma is the key to proving an analogue of the Schlesinger theorem. 
As in the previous section, let V be an open subset of P 1 (C) with £ V, assuming 
that P 1 (C)\P is the union of m disjoint disks Di and that for each t £li, Equation 
(4.1) has a unique singular point Xi(t) in each Di. Let = l,...,m be the 
obvious loops generating iri(V, 0). We also assume that £ U. We construct as 
before a fundamental solution Z$ of (4.1) near OgD, analytic on V x U where V is 
some neighborhood of in V, and such that Zo(t, 0) = I n . By the theorem about 
analytic dependence on initial conditions (cf. [7]), the analytic continuation of Zq 
along each 7^ (for each fixed t £ U) provides a solution which is again analytic on 
V x U. We may therefore assume, on a possibly smaller U, that B li £ GL n (Ou) 
for each parameterized monodromy matrix B lt with respect to Zq . 

In what follows k(x), for any differential A t -ficld k, will denote the field of ratio- 
nal functions in the indeterminate x and coefficients in k, where a; is a A t -constant 
and d x is the usual, formal differentiation of rational functions with d x (x) = 1 
and d x (a) = for all a £ k. 

Theorem 4.2. With notation as before, assume that Equation (4.1) has regular 
singularities near each 2^(0), i = 1, . . . , m. Let k be a differentially closed A t -field 
containing the x-coefficicnts of the entries of A, the singularities Xi(t) of (4.1) and 
the entries of the parameterized monodromy matrices with respect to Zq. Then the 
parameterized monodromy matrices generate a Kolchin-dense subgroup of G(k), 
where G is the PPV-group of (4.1) over k{x). 

Proof. Under the asumptions of the theorem, K = k(x){Zo) is a PPV-extension 
of K for (4.1) (it has no new constants) and by Theorem 3.5 we know that the 
parameterized monodromy matrices lie in its PPV-group G(k). We now wish to 
show that these generate a Kolchin-dense subgroup. Using the parameterized Galois 
correspondence it is enough to show, for any / £ K, that / £ k(x) whenever / is left 
invariant by the action of the monodromy matrices. Let J-q be the differential A t - 
subficld of k generated over Q by the coefficients of powers of x in the entries of A, 
the singularities Xi(t) and the entries of the parameterized monodromy matrices 
with respect to Z . Note that Jo consists of functions meromorphic on U. Let us 



x m f(x,t),x 



,m— 1 



f(x,t),...,f(x,t), X 



1 £ I 



□ 
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fix / 6 K, and any finitely generated differential At-subfield T\ of k containing 
J-o, such that / G J-i{x){Zq). Using Theorem 3.4 we may consider Ti as a field of 
meromorphic functions on some (possibly smaller than VxU) domain f2 of the (x, t)- 
space. We may moreover assume that / is a rational function, with coefficients that 
are analytic functions on Q (rational in x, analytic in t) in the entries of both Zq 
and some A t -derivatives of Zq. Assume that / is left invariant by the parameterized 
monodromy matrices, that is, by analytic continuation of / along each ji, for any 
fixed value of t such that (0, t) G fi. For such fixed values of t, Corollary 2.7 implies 
that / has moderate growth at its singular points. Therefore, for these fixed values 
of t, f is a rational function of x with coefficients in C. Lemma 4.1 implies that 
/ is a rational function of x with coefficients in the subficld C x of ^-constants of 
Ti(x){Zo), and since C x C k, this ends the proof. □ 

5. A WEAK PARAMETERIZED RlEMANN-HlLBERT PROBLEM 

Classically, the weak form of the Riemann-Hilbert Problem is: 

Let S — {cti, . . . a s } be a finite subseet o/P 1 (C) and clq G P 1 (C)\S i . 
Given a representation 

p:TT 1 (¥ 1 (C)\S;a Q )^GL n (C) 

of the fundamental group 7r 1 (P 1 (C)\S'; clq) show that there exists a 
linear differential system 

dY _ 
dx 

with A G gl n (C(x)), having only regular singular points, all in 
S, such that for some fundamental solution analytic at ao, the 
monodromy representation is p. 

Solutions of this problem go back to Plemelj with modern versions presented by 
Rohrl, Deligne and others (see [2] or [27] for presentations of solutions and historical 
references). In this section, we will present a solution to a parameterized version of 
this problem and apply this to the inverse problem in parameterized Picard-Vessiot 
Theory. 

To state a parameterized version of the weak Riemann-Hilbert Problem, note that 
a representation of 7Ti(P 1 (C)\5; ao) above is determined by the images of the gener- 
ators of this group, that is, by selecting s invertible matrices Mi, . . . , M s such that 
Mi • . . . • M s = I n , the identity matrix. We will present a solution of the following 
weak parameterized Riemann-Hilbert Problem 

Let S = {ai, . . .a s } be a finite subset o/P 1 (C) and oq G P 1 (C)\S', 
and let D be an open polydisk 1 in C . Let 71, . . . , 7 S be generators 
o/7ri(P 1 (C)\^;a ) and, for i = 1, . . . , s, let Mi : D -> GL„(C) be 
analytic maps with Mi ■ . . . ■ M s = /„ . Show that there exists a 
parameterized linear differential system 
dY 

- = A(x,t)Y 



^An open polydisk D is a set of the form {t = (t\, . . . ,t r ) | \tj — Wj | < Tj 1 < j < r} for some 
= (u>i, . . . , w r ) and positive real numbers rj. 
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with A G gl„ (£>£>' (x)) for some open polydisk D' C D, having only 
regular singular points, all in S , and such that for some fundamen- 
tal solution, the parameterized monodromy matrix along each 7^ is 

Let K be the field of functions, meromorphic on D, generated over Q by the 
entries of the matrices Mj. The assignment 7; n- Mi yields a homomorphism 
X:7r 1 (P 1 (C)\5;a )^GL„(X)- 

Modern solutions of the weak Riemann-Hilbert Problem use the techniques of an- 
alytic vector bundles and we will proceed in a similar fashion following the presen- 
tation in [6]. We begin by first constructing a family of vector bundles on P 1 (C) 
together with a family of meromorphic connections. We will then show how this 
yields a solution of the weak parameterized Riemann-Hilbert Problem. We note 
that the related but different problem of constructing an isomonodromic family 
including a given Fuchsian differential equation is considered in [23] and [21] (see 
also [16] and [28]). 

Vector bundles are determined by cocycles with respect to coverings so we will 
proceed by defining parameterized cocycles on P 1 (C). We begin by considering 
P X (C)\5 (and will fill in the "holes" later). 

Let Us+x, ■ ■ . , Un be a covering of P 1 (C)\5' by open disks (other disks U\, . . . , U s 
will be defined below) and let rji be a path in P 1 (C)\5' from xo to the center of Ui. 
For each pair (i, j) with i < j and Ui DUj ^ 0, let Sij be a the line-segment joining 
the center of Ui to the center of Uj . Let 

9i,j = x([Vi Vj 1 }) G GL n (K). 

By replacing D with a smaller open polydisk if necessary, we may assume that the 
entries of all the gij are analytic functions on D. For each t € D, we consider 
gij(t) : Ui (~1 Uj — > GL„(C) as a constant function on Ui PI Uj. One can easily check 
that, for fixed t £ D, the {gi,j(t)} form a cocycle and therefore define an analytic 
vector bundle J-(t) of rank n over P 1 (C)\S I . For later use it is important to note 
that the the {gi,j} can also be thought of as forming a cocycle on (P 1 (C)\5') x D 
with respect to the covering {Ui x D} and so define an analytic vector bundle T 
on (P 1 (C)\5) x D. 

For each t £ D, we define a system of linear differential equations locally over each 
Ui , i = s + 1 , . . . , N via the forms 

dy = u)i{t)y 

where each w, (t) = 0. Of course, this is just the trivial system and one has, on each 
nonempty intersection Ui PI Uj, 

since the gi,j{t) are constant on these sets. Therefore these local systems patch 
together to form an analytic connection V(t) on jF(t). Trivially, if we write V(i) in 
terms of local coordinates, one has that the terms appearing depend analytically 
on t (and this holds for any other trivializing covering as well). Furthermore, for 
each t G D, the monodromy associated with simple loops 7$ from xo surrounding 
each Xi corresponds to Mi (t) . 
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We will now fill in the "holes" and extend each (.F(i),V(i)) to a holomorphic 
vector bundle F(t) on all of P : (C) and meromorphic connection V(£) on T(t). Let 
U\, . . . , U s be pairwisc disjoint open disks centered at a\ , . . . , a s (for simplicity, we 
will assume that these are all finite points). Shrinking D again if necessary (but 
keeping the same notation), there exists for each i an analytic function JVj(t) : D — > 
gl n (C) such that Ni(t) = (l/27ri)log(Mj(i)). On each Ui, 1 < i < s, consider for 
fixed t G D the meromorphic system 

(5.1) dy = , Ntt \ d(x - Oi) y. 

For each i, 1 < i < s, select an a such that UiDU a ^ and let Yi(x, t) be a solution 
of (5.1) on this latter set. We may write 

Y i (x,t) = (x-a i ) N ^. 

on UiC\U a . Let g ia = Yi{x,t). If Up, (3 ^ a, also has nonempty intersection with 
Ui , we consider a path in Ui from a designated point Ui G Ui n U a ending in UiDUp 
moving in the counterclockwise direction (less than one turn) around a^. We let 
gijj denote the analytic continuation of <?; :Q along this path. One can show that 
the gk,i thus defined for all 1 < k, I < N such that UkdUi ^ 0, define a cocycle for 
the covering {U x D}i<i<n of P 1 (C) x D. This cocycle yields an analytic vector 
bundle T on P X (C) x D. A fortiori, for each t G D, {gk,i(t)} defines a cocycle for 
the covering {Ui}i<i<n of P 1 (C) and this yields, for each tgflan analytic vector 
bundle T(t) on P^C). 

We now claim that for each t G D the local systems {dy = uii(t)y}fL 1 define a 
meromorphic connection on P 1 (C). We need only check compatibility on sets of 
the form Ui D U a with 1 < i < s, s + 1 < a < N. On such a set we have 

rffe^WJs.atr 1 + (ft,«WKW(s,«(t)) _1 = dYiYr 1 = Ui {t) 

which proves compatibility. Therefore, for each t G D, we have a connection V(i) on 
J-(t). Note that in local coordinate, the terms of V(i) depend analytically on t. Wc 
refer to the pair (J-(t), V(i)) as the canonical extension of (Tit), V(t)), and this 
generalizes similar notions in the non-parameterized case introduced by Delignc. 
Note that the connection V(i) has at worst logarithmic poles at the a.j, i = 1, . . . , s. 
Therefore, the differential systems will have regular (even Fuchsian) singular points 
in the local coordinates. 

We now wish to change the covering of P 1 (C) x D and consider the vector bundle 
T with respect to this new covering. In particular, let pi ^ P2 be points of P X (C) 
and let V x = F 1 (C)\{p 2 } and V 2 = P 1 (C)\{pi}. We claim that T is isomorphic 
to a vector bundle determined by a single cocycle 51,2 : {V\ l~l V%) x D — > GL n (C). 
First note that both Vi x D and V2 x D are contractible topological spaces so any 
vector bundle over these spaces is topologically trivial. Furthermore, both of these 
sets are Stein manifolds ([15], p. 209) so any topologically trivial analytic vector 
bundle is analytically trivial ([14], Satz 2, [12], Corollary 3.2). Therefore, Vi x D 
and V2 x D form a covering such that the vector bundle is analytically trivial on 
each set. This implies that the vector bundle is indeed determined by a cocycle 
51,2 : (Vi V a ) x D -)■ GL„(C). 
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Under the isomorphism described above, the connections V(£) have a new coordi- 
nate description. If we consider the covering {Ui}i<i<N of P 1 (C), the isomorphism 
yields equivalent cocycles g~ij(t) = T '{{t)^ 1 gij (t)T j (t) where Ti(t) and Tj(t) are an- 
alytically invertible matrices on their respective coordinate patches. Since we are 
dealing with an isomorphism of vector bundles over P 1 (C) x D, one sees that the 
Ti(t) are holomorphic in t as well. The local forms of the connection in this new 
coordinate description become 

(5.2) dy = u>i(t)y, 

where 

Note that the uJj(i) also has, at worst, poles of order 1 at the a,j. 

We now turn to the solution of the weak parameterized Riemann-Hilbert Problem. 
In the solution of the Riemann-Hilbert Problem as presented in Chapter 3 of [2] , the 
authors appeal to the Birkhoff-Grothendieck Theorem. To prove the existence of a 
system (5.3) that solves the parameterized weak Riemann-Hilbert Problem, we shall 
use a parameterized version of the classical Birkhoff-Grothendieck Theorem. We 
can assume that s > 2 (otherwise the Riemann-Hilbert Problem is trivial) . Consider 
the vector bundle J- on P 1 (C) x D with respect to the covering {V\ x D, V% x £>}, 
as defined above, where p\ = a\ and p 2 = For simplicity of notation we will 
assume that a\ = and a 2 = oo. Let g\^. ■ (Vi n V2) x D — > GL„(C) be the 
associated cocycle. The parameterized Birkhoff-Grothendieck Theorem (cf. [21], 
Proposition 4.1; [4], Theorem 2; [5], Theorem A.l) states: 

There exists an open polydisk D' C D as well as maps 
$1 : Vi x D' -> GL„(C) with $1, analytic on V\ x D' , and 
$2 : V2 x D' -> GL n (C), with $ 2 , "S^ 1 analytic on V 2 x D' such 
that 

91,2 = $r la;A$ 2 

where A = diag(Ai, . . . , A„) for integers Ai > . . . > A„. 2 

We will now consider (an isomorphic copy of) T determined by $1 and $2. Note 
that the cocycle defining this vector bundle is (x — ai) A : ViflV^ xfl'-> GL„(C). In 
these new coordinates, for each t S D', the connection V(t) above V\ corresponds 
to a linear differential equation 

dY 

^=A l{x ,t)Y 

where A\ is analytic in t and analytic in x outside of {01,03, . . . ,a s } and having 
poles of order at most one at these points. Above V2 we have the expression 

dY 

^=Mu,t)Y 

where A2 is analytic in t and analytic in u = 1/x outside of a; 6 {02,^3, • ■ • ,Os} 
and having poles of order at most one at these points. Using the cocycle, we have 

A 1 (x,t) = ^1 X ~ A +x A A 2 (l/x 1 t)x- A . 
ox 



2 One may also select D 1 to be D\S where E is an analytic subset of codimension 1 and assert 
that $1 and $2 are meromorphic along S but we shall not need this stronger version. 
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Since the right-hand side of this equation represents a function meromorphic at 
x = oo, we have that A\ is meromorphic at oo as well. Lemma 4.1 implies that the 
entries of A\(x,t) are rational in x with coefficients that are functions analytic on 
D' . Wc therefore have the following solution of the weak parameterized Ricmann- 
Hilbert Problem. 

Theorem 5.1. Let S = {oi,...a s } be a finite subset of P 1 (C) and D an open 
polydisk in C. Let7i,...,7 s be generators of 7Ti(P 1 (C)\S'; ao) for some fixed base- 
point ao G P 1 (C)\5', and let Mi : D — > GL„(C), i = 1, . . . , s, be analytic maps with 
Mi ■ . . . ■ M s = I n . There exists a parameterized linear differential system 

dY 

- - A(x, t) Y 

with A £ gl n (On'(x)) for some open polydisk D 1 C D, having only regular sin- 
gular points, all in S, such that for some parameterized fundamental solution, the 
parameterized monodromy matrix along each 7$ is Mi. Furthermore, given any 
a; 6 {ai, . . . , a s }, the entries of A can be chosen to have at worst simple poles at 
all a,j / a;. 

As an application of Theorem 4.2 and Theorem 5.1, we solve the inverse prob- 
lem of parameterized Picard-Vessiot Theory in a special case. Let fc be a so-called 
At-universal field, that is, a At-field such that for any At-field fco C fc, Af-finitely 
generated over Q and any At-finitcly generated extension ki of fco, there is a 
At-differential fco-isomorphism of ki into k (see [19], Chapter III, §7). Note that 
k is in particular a differentially closed A t -field. As in Section 4, let k(x) denote 
the A = {d x , d tl , . . . , 9 tr }-field of rational functions in the indeterminate x with 
coefficients in k, where a; is a A t -constant with d x (x) = 1 and d x commutes with 
the d ti . We shall prove the following 

Corollary 5.2. Let G be a A t -linear differential algebraic group defined over k and 
assume that G{k) contains a finitely generated subgroup H that is Kolchin-dense 
in G(k). Then G{k) is the PPV-group of a PPV-extension of k(x). 

Proof. Let Mi, . . . , M s generate H . We may assume that Mi • . . . ■ M s = I n . Let ko 
be a finitely generated A t -field containing the entries of the Mj. Theorem 3.4 (with 
K = Q and /Q = fco) implies that there is an open polydisk D in C r such that we 
may consider the elements of fco as meromorphic functions on D. By shrinking D if 
necessary, we may assume that the entries of the Mj are analytic on D. Theorem 5.1 
implies that there exists a parameterized linear differential system 

dY 

- . A(x,t)Y 

with A £ g\ n (Or)i (x)) for some open polydisk D' C I?, having only regular singular 
points, all in S, such that for some fundamental solution, the parameterized mon- 
odromy matrix along each 7^ is Mj. Let fci be a differentially, finitely generated 
A t -extcnsion of fco containing the coefficients of powers of x in the entries of A. 
Since fc is A t -universal, we may assume that fci C fc. Theorem 4.2 implies that the 
group generated by the Mi is Kolchin-dense in the PPV-extension corresponding 
to = A(x,t)Y and so this PPV-group must be G(fc). □ 

This proof follows closely the proof in [35] where the authors show than any linear 
algebraic group defined over C is a Galois group of a Picard-Vessiot extension. 
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Those authors use a solution of the weak Riemann-Hilbert Problem, Schlesinger's 
Theorem and the fact that any linear algebraic group contains a Zariski dense 
finitely generated subgroup. In contrast, not all linear differential algebraic groups 
contain dense finitely generated subgroups. For example, the Kolchin-closure of any 
finitely generated subgroup H of the additive group G a (fc) is a proper subgroup of 
G a (k). A proof of this in the ordinary case, that is, when A t = {dt} proceeds as 
follows. Let H be generated by z\, . . . , z m and assume z±, . . . , z s is a basis for the 
C-vector space spanned by H. The elements of the group H all satisfy L(y) = for 
L(y) = wr(y, z\, . . . , z s ) where wr{. . .) denotes the wronskian determinant. In [20] 
and [8] it is furthermore shown that neither G a (k) nor G m (fc) is the PPV-group of 
any PPV-extension of k(x). Among linear algebraic groups, this group presents the 
main obstruction to a linear algebraic group being a PPV-group over k(z) since it 
is shown in [34] that a linear algebraic group G defined over k is a PPV-group of a 
PPV-extension of k(x) if and only if the identity component of G has no quotient 
isomorphic to G a (k) or G m (fc). The proof of this latter fact relies on Corollary 5.2. 
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